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Unsupervised separation of sparse sources in the
presence of outliers
Cécile Chenot and Jérôme Bobin

Abstract—Unsupervised or Blind Source Separation (BSS)
aims at recovering underlying sources from linear mixtures.
In real world applications, these multichannel measurements
can contain some corrupted entries which are detrimental for
most of the BSS techniques. We first discuss how the presence
of outliers alters the sparse BSS problem and point out that
the outliers can be detected and extracted thanks to sparsity.
Building upon the rationale of the AMCA algorithm, which
has been developed to process partially correlated sources, we
propose to penalize and detect the outliers simultaneously with
the estimation of the sources and the mixing matrix. Numerical
experiments illustrate the robustness of this new approach on a
wide range of applications, including the determined case.
Index Terms—Blind source separation, sparse representations,
sparsity, robust recovery, outliers.

I. I NTRODUCTION

B

LIND Source Separation (BSS) is a separation components procedure well-suited to extract meaningful information from multichannel data. The interest for this multivariate data processing method is motivated by its numerous
applications in various fields such as astrophysics [1] or
hyperspectral unmixing [2] to only name a few.
In the noiseless BSS context, the m multichannel observations
{Xi }i=1..m are assumed to be the linear mixture of n ≤ m
sources {Sj }j=1..n with t > m samples. This model can be
conveniently recast with the following matrix form:
X = AS,
m×t

where X ∈ R
stands for the observations, A ∈ Rm×n
the mixing matrix, and S ∈ Rn×t the sources.
The aim of the BSS techniques is to estimate A and S
from X = AS. This is a challenging task as the number
of solutions (A, S) is infinite. Prior information on the
sources or the mixing matrix need to be exploited to recover
the original sources. Based on the prior used to unmix the
sources, BSS techniques can be divided into three main
classes.
In the well-known Independent Component Analysis (ICA)
framework, the sources are assumed to be statistically
independent and non-Gaussian [3]. The ICA techniques differ
from each other on the way the independence of the sources
is promoted: minimization of the mutual information using
the Kullback-Leibler divergence for example [4]. In the
Nonnegative Matrix Factorization (NMF) domain, both the
sources and the mixing matrix are assumed to be nonnegative
[5]. This assumption is naturally motivated by the physical
aspect of some problems e.g. spectra unmixing or audio
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source separation. The last approach relies on the sparse
modeling of the sources [6]–[8]. We will focus on this last
approach in the remaining of the paper.
While real-world data are generally contaminated with
noise, most BSS methods are sensitive to data corruption [9].
Model deviations from the above instantaneous linear model
are usually represented by an additional Gaussian term N.
However, this term can only stand for small and dense noise
whereas most of the applications are also frequently corrupted
by rare and large errors. These spurious outliers, which will
be designated by O, include observed unexpected physical
events or malfunctions of captors which can be represented by
stripping noise or impulsive noise (see for instance [10]). As
they correspond to infrequent errors, they can be considered
to be sparse in the domain of observation. In order to account
for both the presence of Gaussian noise and outliers, we will
further consider that the observations can be expressed as:
X = AS + O + N,
where O ∈ Rm×t stands for the outliers, and N ∈ Rm×t the
Gaussian noise.
Robust BSS methods in the literature:
In the current litterature, only a few BSS methods have
been developed to manage the presence of outliers. These
techniques can be divided into three groups: the “two-steps
”separation methods, the robust ICA techniques, and last, the
component separation methods.
The two-steps methods: They consist in: i) eliminating
the outliers from the observations in a first step, ii) and then
performing the separation on the “outliers-free”data. The first
denoising step is crucial as all the observations should be
cleaned with a high precision in order to reliably perform
the separation in a second step. Unfortunately, discriminating
between AS and O is challenging to perform unless m  n.
In this specific case, the authors of [11] have shown that it
is indeed possible to separate the low-rank matrix AS from
the sparse matrix O with a high accuracy, if the latter are
randomly drawn. The so-called robust PCA method performs
by minimizing:
minimize kRk∗ + λ kOk1 subject to X = R + O,
R,O

(1)

where R = AS. This separation based on the difference of
structure between a low-rank term R and a sparse and broadly
distributed term has inspired several works, especially in
hyperspectral image denoising where the assumption m  n
is valid [10], [12]. However, in addition to the optimal choice
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of λ that is generally not trivial in practice, the low-rank
assumption is not valid in a wide range of applications,
especially when only few observations are available.

columns of X. Consequently, they use the `2,1 to promote
the sparsity of the columns of O. In a Bayesian framework,
and based on a MCMC method, the authors of [17] proposed
The robust ICA techniques: In the outliers-free setting, to estimate the three variables by taking also into account a
based on the assumptions that the sources are independent possible correlation of the outliers, which are not assumed to
and that m = n, the ICA based methods look for an be non-negative unlike [16].
unmixing matrix B such that the estimated sources S̃ = BX We point out that without further assumption, the decomare statistically independent [3]. One way to measure the position X = AS where A and S are non-negative is not
independence of the estimated sources is to use the mutual necessarily unique [18]. Some conditions, such as the presence
information of the sources, defined as the Kullback-Leibler of pure pixels in the observations, ensure the uniqueness of
(KL) divergence
between the product of their marginal distri- the solution and so the recoverability of the sources. However
Qn
in some applications [1], such assumptions cannot be made,
butions i=1 pS (S̃i ) and their joint distribution pS (S̃) [4]:
and it is then necessary to use another prior such as the
!
Z
n
Y
independence of the sources or their sparsity in another domain
pS (S̃)
dS̃. to discriminate between the sources.
DKL (pS (S̃)k
pS (S̃i )) = pS (S̃) log Qn
p (S̃ )
i=1

i=1

S

i

The value of the KL-divergence is non-negative and equal
to zero if and only the estimated sources are independent.
Unfortunately, it is not robust to the presence of outliers [9].
To overcome this problem, the authors of [13] propose to
replace the KL-divergence by the β-divergence, for which
the influence of the outliers is limited [13]. Similarly, the βdivergence between the product of the marginal densities of
the estimated sources and their joint density is non-negative
and equal to zero if and only if the estimated sources are
independent (for β > 0, otherwise, we refer to the KL
divergence):
!
Z
n
n
Y
Y
1
β
β
Dβ (pS (S̃)k
pS (S̃i )) =
pS (S̃) pS (S̃) −
pS (S̃i ) dS̃
β
i=1
i=1
!
Z
n
Y
1
β+1
β+1
pS (S̃i ) dS̃.
pS (S̃) −
−
β+1
i=1
The strategy proposed in [13] amounts to maximizing the
quasi log-likelihood of the β-divergence between the empirical
marginal densities of the estimated sources and their empirical
joint density. It does not need any whitening of the data, but
only that m = n. Nevertheless, the efficiency of this approach
highly depends on the choice of the parameter β, which is
generally problematic in practice.
The component separation methods: Last, the third strategy amounts to modeling the outliers as an extra component of
the mixture model. This therefore requires estimating jointly
the mixing matrix, the sources and the outliers. This method
has been used in the NMF framework. The approaches in [14]
and [15] are quite similar. They minimize a function of the
form:
1
2
minimize kX − AS − OkF + λ kOkp ,
(2)
A≥0,S≥0,O 2
where the first term is the data fidelity term and the second
term enforces the sparsity of O, with p = 1 in [14] and
p = (1, 2) in [15] (in these works, the outliers are assumed to
be uniformly sparse). In [16], the authors propose to use a βdivergence instead of the Frobenius norm to overcome the fact
that the residue X−AS−O may not be correctly handled with
the Frobenius norm in some situations. Moreover, they assume
that the outliers are also nonnegative and corrupt entirely some

Contribution:
This article details the impact of the presence of outliers in
sparse BSS problems and presents a new robust method able
to manage the presence of sparsely corrupted data in a wide
range of applications.
More precisely, it extends the work done in [19], in which
a framework of sparse BSS in the presence of outliers and
a robust BSS method, rGMCA, were introduced. Building
upon sparsity and the morphological diversity principle, the
algorithm rGMCA, whose basics are summarized in section
III, has been shown to be able to estimate reliably the mixing
matrix in the over-determined setting. However, it is much
less successful in the determined setting or in the presence of
a large amount of small outliers. In section IV, we introduce a
new algorithm that is able to handle the presence of outliers in
a large range of applications, including the determined case.
This approach exploits the structure of the problem and its
similarities with the problem of sparse BSS in the presence of
partially correlated sources, for which the algorithm AMCA
has been recently proposed in [20]. This algorithm, coined
robust AMCA (rAMCA), is based on the parsimony of the
sources and outliers but makes no assumption on the lowrankness or non-negativity of the mixture parameters. Besides,
it does not requires any fine parameter tuning, and is thus
simple to use. Numerical experiments, presented in the section
V, illustrate the good performances of rAMCA for a broad
variety of settings.
Notations
Uppercase boldface letters denote matrices. The MoorePenrose inverse of the matrix M is designated by M† . The jth
column of M is denoted Mj , the ith row Mi , and the i, jth
entry Mi,j . The norm kMk2 denotes the Frobenius norm of
M, and more generally kMkp designates the p-norm of the
matrix M seen as a long vector. The soft-thresholding operator
is denoted Sλ(M), where
(
Mi,j − sign(Mi,j ) ∗ λi if |Mi,j | > λi
[Sλ(M)]i,j =
0 otherwise
The operator mad designates the median absolute deviation,
and last Pr stands for probability.
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where αi is composed of few non zero coefficients, or respectively αi is composed of negligible entries with few significant
entries.
In the remaining of this paper, we will assume that the outliers
and the sources have a similar morphology in the sense that
they are sparse in a same dictionary Φ. For simplicity and
without loss of generality, we will consider that the sources
and the outliers are sparse in the direct domain (Φ = I).
Sparsity has been shown to be an effective separation criterion
in BSS [6], as it enhances the contrast between the sources.
Indeed, in the transformed domain, the sources are represented
with only few significant coefficients, which concentrate the
information of each source. Then, the largest coefficients of
each source, which are the most representative, are very likely
to be located at different positions as the sources are distinct.
These large coefficients, which are not active simultaneously in
several sources are thus the most discriminant for the source
separation. This fact has been designated by Morphological
Diversity Principle (MDP) in [7].
The MDP is particularly useful for source separation. Indeed
if some sources respecting the MDP are mixed, then the
significant samples of X are placed along the directions given
by the columns of A. Furthermore, these significant entries
which correspond to the contribution of the largest entries of
S are shared by several measures and are thus non sparse.
Thus, while the sources are not correctly unmixed, their
corresponding mixtures are less sparse than the initial sources:
to unmix sources respecting the MDP, one can look for the
sparsest joint sources [7].
Building upon sparsity and the MDP, the algorithm GMCA
[7] has been developed to estimate the tuple (A, S) from X
by estimating the sparsest sources, measured by the `1 -norm
of the sources, by minimizing:
minimize
S,A

n
X
1
2
kX − ASk2 +
λi kSi k1 ,
2
i=1

where the first term is the data-fidelity term and the second
term promotes the sparsity of the sources.
B. Sparse BSS in the presence of outliers
The algorithm GMCA has been shown to be robust to a
Gaussian noise [7] but it is however highly sensitive to the
outliers [19]. In this paragraph, we will analyze more precisely
how the presence of outliers impacts sparse BSS.
Throughout the remaining of this article, we will assume
that the outliers are distributed in general position: they do
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In the context of sparse BSS, the sources {S}i=1..n are assumed to be sparse in a given dictionary Φ or approximatively
sparse in Φ:
Si = αi Φ, ∀i = 1..n,
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A. Sparsity and BSS: the Morphological Diversity Principle

not cluster in any specific direction. This implies that the
outliers contribution in the source domain (by looking at
A† O) will be also in general position. In the following, we
assume that the outliers corrupt entirely some columns of X
fig.1a so that the support of the columns of outliers follows
a Bernoulli law, and the amplitude of the corrupted columns
is Gaussian. In multispectral imaging for instance, this model
would correspond to the presence of some spectrally different
anomalies at some specific spatial positions.

X2

II. S PARSE BSS
In this section, we start by reviewing the basics of sparse
BSS. Then, we will discuss how the outliers impact sparse
BSS.
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(c) Ã† X1 versus Ã† X2 .
Figure 1. Three sources are mixed into 4 noisy observations. Fig.(a): scatter
plot of two observations, (b): scatter plot of two of the estimated sources given
by A† X, (c): scatter plot of the estimated sources given by Ã† X, where Ã
has been estimated with GMCA. The initial source contribution is represented
in blue, and the one of the outliers with the red stars.

In the presence of outliers, the main challenges are summarized below:
• The MDP alone does not allow to correctly disentangle
between the sources. Indeed, the largest coefficients may
be related to some corrupted entries, fig.1. Thus, the
largest coefficients are not the most discriminant ones,
and do not permit to have a good estimation of the mixing
matrix.
• There may be some mixing matrices Ã, different from the
initial A for which the corresponding sources (roughly
given by Ã† X) are sparser than the ones obtained with
A† X fig.1c. For this reason, algorithms based on sparsity
will return Ã and not the right mixing matrix.
Hence, in the presence of outliers, algorithms based on
sparsity and more especially on the MDP such as GMCA fail
to estimate correctly A and obviously S because the MDP
cannot be exploited.
III. ROBUST S PARSE BSS
In this section, we introduce the basics of a first approach
for solving sparse BSS problems in the presence of outliers
[19] designated as rGMCA, and discuss its main limitations.
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A. A first approach: rGMCA
Structural differences between O and AS: In the
algorithm rGMCA, robustness to outliers is obtained by
exploiting the difference of structure between the outliers and
AS. Since the sources are sparse and respect the MDP, the
entries of AS are clustered along the directions given by
the columns of A, while the entries of O are distributed in
general position fig.1a. Hence, by using only the sparsity and
the MDP, it should be possible to determine A by finding
these clustering directions. Moreover, if n  m, then the
difference of structure between AS and O is further enhanced
by the fact that the outliers are unlikely to lay exactly in
the span of A. It has been proven in [11], that even without
the parsimony assumption, it is possible to separate the term
AS from O by using the fact that AS is low-rank while O
are randomly distributed, and hence are in general position.
These points have motivated the conception of the algorithm
rGMCA, described in the next paragraph.
The rGMCA algorithm: The algorithm rGMCA is based
on GMCA to exploit the parsimony of the sources. It performs
by estimating explicitly the mixing matrix, the sources and the
outliers. To improve the robustness to outliers, the rGMCA
algorithm implements a weighting scheme that penalizes the
large corrupted samples in the data domain, as follows:
n
X
1
2
λi kSi k1 +β kOk1 ,
k(X − AS − O) WO k2 +
A,S,O
2
i=1
(3)
where WO the diagonal penalizing matrix whose elements
1
are such that WO t,t = +kO
t k , where  depends on the
1
amplitude of the sources [19]. The role of the weighting
scheme is to penalize the most corrupted samples so as to
limit their influence for the estimation of A. That is why
the weights are defined according to the `1 norm of the
current estimate of the outliers: such a penalization therefore
increases with the amplitude of the outliers.
The rGMCA alternates, in an iterative scheme, between the
estimation of A and S from X − O and the outliers, which
are estimated by estimating a sparse component from the
remaining residual X − AS.

minimize

Limitations of rGMCA: The algorithm rGMCA suffers
from two main limitations:
•

•

In the presence of a large amount of outliers, whose
amplitude is smaller than the sources, the value of the
weighting scheme WO , which depends on the amplitude
of the outliers, may not be large enough to correctly
penalize the corrupted samples in the source domain.
If the number of sources is close to the number of
observations, rGMCA can fail to estimate A [19]. Indeed,
in this situation, the outliers also lay in the range of
A. It then becomes much more difficult to distinguish
between the contribution of the outliers from the one of
the sources.

Hence, the exploitation of the sparsity by using GMCA
combined with a weighting scheme based on the estimated

outliers can only be used reliably if the number of observation
is larger than the number of sources.
B. Discriminating between the sources and the outliers
It is natural to exploit the difference of structures between
AS and O in the data domain in the spirit of the PCP
algorithm [11] or rGMCA. However, when the number of
observations tends to the number of sources, thus property
can’t be used to separate out the sources and the outliers.
In the following, we propose a new approach, which allows
alleviating this important limitation.
Separation of the outliers and sources in the source
domain: Instead of using the difference of structure between
AS and O in the data domain (by looking at X), we propose
to base our approach on the behavior of the outliers in the
source domain (by observing A† X).
Since we assume that the outliers are in general position
in the data domain, they should not cluster in any specific
direction in the observations domain neither in any estimated
source domain. This can be observed in fig.1b and fig.1c:
in both cases, the outliers in the source domain (initial
and estimated) are broadly distributed and non-sparse.
On the other hand, the sources contribution are jointly
sparse in the source domain generated by A. Hence, the
non-sparse samples are clearly non-discriminant for the
separation as they correspond to corrupted samples. As we
will see, this situation shares some similarities with the case
where the sources to be estimated are partially correlated [20].
Similarities between the BSS problems in the presence of
outliers and in the presence of partially correlated sources:
In real-world applications, relevant sources can be partially
correlated [20]. These correlations raise several issues which
have been highlighted in [20]. Interestingly, this specific
context is somehow similar to case where outliers contaminate
the data:
• The MDP may be not respected: the samples shared by
several sources can be the largest ones.
• There may be another matrix Ã such that the estimated
sources Ã† X are jointly sparsest than the initial ones.
In the determined case, the model in the presence
 of outliers
can be recast as follows: X = A S + A† O . Since A† O
is very likely to have only few active columns and to be in
general position, it can be seen as corresponding to partial
correlations between the sources S + A† O. The main difference between the two problems is that in the over-determined
case, the outliers do not necessarily lay in the span of A: they
cannot be seen as being some partially correlated entries of S.
Moreover, the behaviors of the partially correlated entries of
S and the outliers in the source domain are exactly the same:
they are not sparse whereas (the remaining of) the entries of S
are. In [20], the authors have proposed a new method, coined
AMCA, to handle these samples in the source domain. Based
on the similarities between these two different contexts, we
propose to build upon AMCA to design a novel robust sparse
BSS algorithm.
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Algorithm 1: rAMCA
Input: X
First estimation of A and S:

IV. ROBUST AMCA A LGORITHM

In this section, we propose a new method to solve sparse
BSS problem in the presence of outliers, which builds upon
the AMCA and rGMCA algorithms. Similarly to the rGMCA
algorithm [19], it estimates the mixing matrix, the sources and
the outliers, and further implements a weighting scheme in the
spirit of the AMCA algorithm to better discriminate between
the outliers and the sources in the source domain.

Ã, S̃ = minimize
S,A

n
X
1
2
k(X − AS) Wk2 +
λi kSi kp
2
i=1

while k < K do
Update Õ:
Õ = argmin
O


1 
X − ÃS̃ − O W
2

2
2

+ β kOk2,1

Update A and S:
Ã, S̃ = minimize
S,A

A. Algorithm rAMCA

end while
return S̃, Ã, Õ.

In the spirit of [19], we propose to estimate jointly A, S and
O by exploiting the sparsity of the sources and the outliers.
This is performed by minimizing the following problem:
minimize
S,A,O

The `2,1

n
X
1
2
k(X − AS − O) Wk2 +
λi kSi k1 +β kOk2,1 .
2
i=1
(4)
m
P
j
norm, defined such as kOk2,1 =
O 2 , to
j=1

favor solutions O with few entirely active columns. This
regularization term is well suited to capture outliers that are
distributed in general position in the data domain.
The weight matrix W is a key element. Indeed, in the spirit
of [20], the role of W is to assign each sample a weight so
as to penalize those which are the most detrimental to the
separation process (i.e. the non-sparse samples in the source
domain). In the case of partially correlated sources [20], such a
weighting scheme has allowed to tackle unsupervised source
separation problems when the MPD cannot be exploited. In
practice, these non-discriminant samples are efficiently traced
by the sparsity level of the estimated source samples. In the
next, for each sample t, the weight Wt,t is chosen such that:
Wt,t = q

n

2 X
1 
X − Õ − AS W + λi kSi kp
2
2
i=1

1

,

(5)

kSt kq + 

where S denotes the normalized sources Si = kSSiik and
2
where  is a scalar typically small used to avoid numerical
issues. The parameter q is in the range [0, 1], in order to
penalize the samples with several significant sources entries,
which are the most detrimental to the separation.
This problem is non-convex but can be tackled using
a minimization procedure suc as the Block Coordinate
Relaxation (BCS - see [21]). Instead of estimating alternatively
A, S, and O, we propose the structure presented in Alg.1:
the mixture parameters A and S are estimated jointly in an
inner loop for a O, whereas when the outliers are updated
from X − AS. These two steps are described in the next
paragraph.

B. Estimating A and S
Assuming the outliers are fixed O, the mixing matrix and
sources are estimated by solving the following minimization
problem:
minimize
A,S

n
X
1
2
k(X − O − AS) Wk2 +
λi kS i kp .
2
i=1

(6)

The problem is tackled by estimating alternatively S and
A, Alg.2:
• The estimation of S for fixed A is given by:
minimize
S

n
X
1
2
k(X − O − AS) Wk2 +
λi kSi k1 .
2
i=1

Unless A is orthogonal, the previous problem does not
admit a closed form solution. The authors in [20] propose
to approximate this step with a projected least-square to
limit the computational cost of the update:

Si = Sλi A† (X − O) .
(7)
•

The estimation of A is given by:
minimize
A

1
2
k(X − O − AS) Wk2 ,
2

whose minimizer is
†

A = (X − O) W (SW) .
Algorithm 2: Estimation of A and S
Input: X − O
Initialize Ã and q.
while k < K do
Update S̃ and λ̃
Update the weighting matrix W̃
Update the mixing matrix Ã
Decrease q
end while
return S̃, Ã.
Choice of the
The choice of the regularizan parameters:
o
tion parameters λ̃i
plays a key role in sparse BSS
i=1..n
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problems: the separation procedure is remarkably improved
by employing a decreasing thresholding strategy [7]. The
thresholds are chosen automatically so that an increasing
number of entries are selected at every iteration. The final
threshold is typically 3σi , where σi stands for the standard
deviation of the noise contaminating the ith source. If these
values are not known, they can be estimated empirically using
the median absolute deviation [7], [20].
In the following, we opt for the `1 penalization (p = 1) for
two reasons: i) the `1 norm is more convenient to use because
it is convex, and ii) it has been emphasized in [22] that the `1
norm tends to favor solutions whose corresponding sources
are clustered along the axis given by the columns of the
mixing matrix. This is particularly important in the presence of
outliers, as only the contributions of the sources are clustering
whereas the outliers are in general position.
The decreasing strategy used for the q norm in the weights of
W is well motivated in [20]. In brief, a compromise between
a strong penalization of the detrimental, non-sparse, samples
and a one weaker at the beginning of the separation process
is found by adopting a decreasing strategy for q. The value of
k
K−1

at the kth iteration,
the parameter q is set so that q = 0.1 2
by starting at 0.5.
Last, the number of iterations is set to K = 1000, which turned
to be a good compromise in the numerical experiments.
C. Estimating the outliers
In the rAMCA algorithm, the estimation of O given A and
S is carried out by solving the problem in eq.(4):
1
2
k(X − AS − O) Wk2 + β kOk2,1 .
2
This problem admits a closed form solution:
!
k
β̃
Ok = (X − AS)k × 1 −
,
k(X − AS)k k2
minimize
O

(8)

(9)

+

k

where O is the kth column of the estimated outliers and
β
β̃ := W
is a row vector of size t, which is used to simplify
the notations.
According to the above expression, the estimation of the
outliers can be done quite straightforwardly from the residue
X − AS. However in practice, estimating Õ from X − ÃS̃
while the contribution Ã is not correctly estimated can dramatically hamper the separation process. This is particularly
the case at the beginning of the algorithm when the mixing
matrices is very likely to be far from the sought-after A.
Detecting outliers in the source domain: The estimated
residue X − ÃS̃ can be expressed as the following:
X − ÃS̃ = ∆AS + O + N,
where ∆AS = AS − ÃS̃ corresponds to the estimation error
of the contribution of the sources in the data AS.
According to eq. (9), the estimated outliers Õ are proportional
to this residue. This can be dominated by ∆AS if the
estimation error of Ã is large, which is very likely the case
at the beginning of the separation process. For that reason,
estimating the outliers from the residue X − ÃS̃ will largely

propagate and amplify estimation errors made during the
separation process.
In practice, estimating iteratively the support of O and then
its amplitude directly from X provides a more conservative
but more efficient estimation procedure.
It is important to notice that the outliers are not sparse in the
source domain (in the sense that the active columns of O are
not significantly one sparse), while the sources are. Therefore,
an efficient procedure to discriminate between the outliers and
the sources consists in identifying the corrupted samples based
on their sparsity level: if the columns of estimated sources
S̃k are not sparse enough then they can be deemed as being
corrupted, and vice-versa.
A powerful measure of the sample sparsity in the source dokS̃j k
main is the δ-density [23] of each column j δ(S̃j ) = S̃j 1 .
k k∞
This ratio takes its values between 1 (for exactly 1 sparse
column) and n (for a column whose entries have a same
amplitude) for non-zero column. It is thus independent of
the amplitude of the columns and well suited for sparse and
approximately sparse signals.
In this framework, discriminating between sparse and nonsparse source samples can be performed by defining some
threshold α so that a source sample with a δ-density larger
than α is very likely contaminated with an outlier.
Determining a precise numerical value for α is challenging
without any precise statistical modeling of the sources and
the outliers. In the next, we will make use of the following
simple assumptions:
•
•

the sources are drawn from a Laplacian law L.
the amplitude of the outliers in the sources domain
follows a Gaussian law N , which is well suited to model
samples that are distributed in general position.

Let us notice that the variances of these statistical models do
not matter since the δ density of the source samples is not
sensitive to their amplitude. Then, α is chosen so that for any
column vector X of size n:
Pr (δ(X) = α| Xi ∼ L) = Pr (δ(X) = α| Xi ∼ N ) .
Similarly to classical hypothesis testing, the value of α is
derived numerically by taking the value when the histogram of
the δ density of the Laplacian law and the one of the Gaussian
law intersect (see fig.2). In the present work, this value has
been derived from simulations made with a number of samples
equal to n × 1e6 .
To summarize, every sample whose δ density of the sources
is larger than α is considered as being corrupted and consequently is part of the support of the outliers:

k

 0 if δ(S̃ ) < α
!
Õk =
β̃
k

otherwise
X × 1 −
kXk k2

√
Γ( m+1 )
where β̃ = mad(X − AS − O) × 2 × Γ m2
corresponds
(2)
 k
to an estimation of E N 2 , and thus limits the impact
of the Gaussian noise.
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In this section, the performances of rAMCA are compared to the ones of the following standard BSS algorithms:
GMCA, AMCA (modified version presented in the paper),
PCP+GMCA [11] and the minimization of the β-divergence
(implementation similar to [24]). In the first part of this
section, their performances are evaluated on various scenarii
with synthetic data, which allows performing Monte-Carlo
simulations.
a) Data Setting: In this section, the comparisons are
carried out on synthetic data in order to illustrate the impact
of parameters such as the percentage of corrupted data or the
number of observations with Monte Carlo simulations (48
simulations). The data are generated as follows:
•

A total of 8 sources (if not otherwise stated) are drawn
from a Bernoulli-Gaussian law. The sources are 5%
sparse, and the standard deviation of their amplitude σS
is 100. The number of samples t is fixed to 4096.

•

The mixing matrix is drawn according to a normal law
with zero mean. The columns of A are normalized
to unit `2 norm. In the over-determined setting, the
number of observations is fixed to m = 20, if not stated
otherwise.

•

The outliers are generated so as to corrupt at random a
low number of data samples (i.e. columns of X). The
activation of these corrupted columns is drawn according
to a Bernoulli process with probability ρ, which fixes
the average number of corrupted columns to ρt. The
amplitude of the outliers is drawn at random from
a Gaussian distribution with zero mean and standard
deviation σO .

•

The noise is generated according to a Gaussian distribution with zero mean. Its standard deviation is designated
by σN , which is set to 0.1 by default.

(c) Generalized Gaussian law

Figure 2. Values of the δ-density, for every non-zero samples in three
examples. Fig.(a): in green, histogram of 106 samples drawn from a Laplacian
law, and in red from a Gaussian law. Fig(b) and (c) histogram of sources
drawn from a Bernoulli-Gaussian law for (b) and a generalized Gaussian law
(parameter 0.3) for (c) in green, and in red, histogram of A† O with 20 % of
corruption, 10 sources, 10 observations and t = 4096. In the three examples,
the vertical black line symbolizes the value of α for 10 sources (numerically
around 3.9).

This procedure does not fully guarantee that the outliers
are estimated without false detections. This may fail when the
sources are very badly estimated, which is likely the case at
the beginning of the separation process where A is far from
the right solution. To limit false detections, the procedure is
carried out on only a limited subset residue samples, which
are composed of the entries with the largest amplitudes. These
samples are more likely to be contaminated with outliers and
are therefore the most detrimental to the separation process.
The number of samples to be tested then grows at each
iteration. This scheme is less sensitive to mis-estimations of
the mixing matrix/sources during the first iterations of the
rAMCA algorithm, which makes it less prone to false outlier
detections. In practice, at the kth iteration in Alg.IV-A, the
support to be tested for outliers is fixed to the 5k% largest
entries of X − ÃS̃.
Algorithm 3: EstimationO
Input: X, Õ, S̃, Ã, the iteration number k.
Estimate the 5k% largest entries of X − ÃS̃ − Õ.
Refine the support by keeping the samples with a δ
density larger than α.
Add the previous support of the outliers
Update the amplitude of the outliers from this new
support.
return Õ.

b) Performance criterion: We emphasized in [19]
that the algorithms listed above do not all yield a precise
estimation of the sources but rather provide a robust estimation
of the mixing matrix. Therefore, in the remaining of this
paper, we will focus on assessing the performances of these
algorithms based on the mixing matrix criterion ∆A [7]. This
criterion provides a global indicator of estimation accuracy
kPÃ† A−Ik1
where
of estimation of the mixing matrix ∆A =
n2
the matrix P corrects for the permutation indeterminacy.
Additionally, for every simulation and for each algorithm, we
record the number of runs for which A has been correctly
recovered (normalized to 1). The mixing matrix is said to
be correctly recovered if, for every column of A, the angle
betweenD the estimated
and true column is lower than 5◦ :
E
i
i
arccos( Ã , A ) < 5°. This quantity provides a good
criterion to evaluate the reliability of the algorithms.
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•

•

It is almost impossible to determine a priori the best
value of the parameters since they depend on the
sought-after sources, mixing matrix and the outliers,
which are unknown. Fixing their value without the
ground truth is therefore challenging.
Testing the algorithms for different values of these
parameters sampled on a fine grid is highly time
consuming, especially if one considers that the results
are sensitive to the parameter value.

To illustrate this issue, fig.3 shows the variations of ∆A versus
the value of the two parameters for 4 examples in which
n = 4 sources are mixed into 4 and 40 observations for the
minimization the β-divergence and PCP+GMCA. For both,
5% of the data are corrupted and σO = 50.
10
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(a) ∆A versus β.
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Figure 4. Influence of the number of observations on the estimation of the
mixing matrix.

10−2

10−2

In the following experiment, we consider that the data are
composed of 8 sources and m observations varying according
to the values of the x-axis of fig.4. The amplitude of the
outliers is fixed to σO = 100 for n = m. The amplitude
ratio between the outliers and the sources contribution is kept
constant. The percentage of outliers is fixed to 10%.
As shown in fig.4, rAMCA tends to be less influenced by

Mean of ∆A

Comparisons are performed with the β-divergence
minimization algorithm as well as the combination
PCP+GMCA. These two methods requires setting up
parameters, which are generally complicated to choose in
practice:

Recovered A

B. Choosing the parameters of each algorithm

x
√
t

(b) ∆A versus λ.

Figure 3. The variations of ∆A versus the values of the parameters are drawn
for the β-divergence on the left and PCP+GMCA for λ (eq.2) on the right
for 4 examples.

The evolution of ∆A with the algorithm parameters can be
very sharped, even for small changes of their values. In order
to provide fair comparisons, the parameters for PCP and the
β divergence will be tuned as follows:
0.5
10
• The parameter λ of PCP increases from √ to √ with
t
t
0.5
a step of √m while the current value of ∆A is smaller
than 1.5 times the best error obtained with the previous
parameter values. If the current error is larger, the step
√ .
increases at 1.5
t
• Similarly, the value of β increases from 0.005 to 1 with
a step of 0.002 while the current ∆A is smaller than 1.5
times the best error obtained with the previous parameter
values.
C. Influence of the number of observations
We emphasized in [19] that the separation of the sources
contribution and the outliers is more challenging if m is close
to n. The ratio m
n is therefore a crucial parameter in BSS,
especially in the presence of outliers.

the number of observations. The results of all the methods
are better if m is very large: the condition number of A is
5.0smaller and the outliers can better be distinguished from the
sources contribution. Indeed, with a large m, the energy of
the outliers laying in the subspace generated by A is lower.
In this regime, the low-rankness of the term AS with respect
to the outliers becomes a valid assumption, which makes
PCP more efficient [11].
The results are not strictly improved with an increasing
number of measurements for the β-divergence algorithm. It
is important to notice that the β-divergence minimization
algorithm has been designed for the determined case. Its
application to the over-determined case requires a first
dimension reduction step. This pre-processing step, which
is performed by PCA, is also impacted by the presence of
outliers, which hampers the performances of this algorithm
when m > n.
In order to further illustrate the impact of the ratio m
n,
kSk
kOk
the errors S−S̃2 and O−Õ2 are displayed for a single
k
k2
k
k2
example. A good separation of S and O is possible if m  n
because the outliers are less likely to lay in the span of A;
this is clearly shown in fig.5. Despite an accurate recovery
of A for rAMCA when m is small, the error made on the
estimated outliers and sources is large fig.5: the separation is
not possible without any additional assumption on the sources
and the outliers. Moreover, these errors decrease when the
ratio m
n increases whereas the error made on A remains more
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Figure 6. Influence of the amplitude of the outliers in the determined case.
Figure 5. Influence of the number of observations on the estimations of the
sources and the outliers.

D. Influence of the amplitude of the outliers
In the following experiments, we consider that 10% of the
data samples are corrupted with outliers. Fig.6 and 7 show the
behavior the algorithms when the amplitude of the outliers σO
varies.
In the determined case, the fig. 6 shows that the standard
GMCA rapidly fails to correctly recover the mixing matrix
when the amplitude of the outliers increases. In these experiments, the algorithms AMCA and β-divergence minimization algorithms provide very similar results. Interestingly, the
rAMCA tends to be the least impacted by the amplitude of the
outliers, especially when their amplitude is of the order of the
source’s level and when this amplitude becomes very large.
When the amplitude of the outliers and the sources are close,
the weighting scheme of the AMCA-based methods may be
less effective at penalizing the outliers. Unlike AMCA, the
rAMCA algorithm progressively removes a certain level of

Mean of ∆A

In the following, the impact of two other parameters will
be investigated: the percentage of corrupted data and their
amplitudes. Because the behavior of the algorithms is quite
different depending on the ratio m
n , the determined and the
over-determined cases will be distinguished. In the overdetermined case, the data will be composed of 8 sources and
20 noisy observations. Besides, the algorithm PCP+GMCA
will only be evaluated in the over-determined case, since the
low-rankness assumption makes no sense in the determined
case. The β-divergence minimization methods will be studied
in the determined case only, where no dimension reduction is
required.
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stable: the separation benefits from enhanced estimation of
A as well as from a lower contribution of the outliers in the
range of A.
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Figure 7. Influence of the amplitude of the outliers in the over-determined
case.

the outliers component, which further enhances the separation
performances.
In the over-determined case, fig. 7 confirms the robustness of
the rAMCA and AMCA algorithms when the amplitude of
the outliers varies. In this regime, the outlier-based weighting
scheme of the rGMCA algorithm makes it almost insensitive
the outliers’ amplitude. Finally, the PCP+GMCA algorithm
seems to be highly impacted by the amplitude of the outliers
since the quality of separation of the algorithm rapidly decreases.
E. Influence of the percentage of corrupted data
In this section, the amplitudes of the outliers σO is fixed
to 100. The figures 8 and 9 show the behavior of the BSS
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Figure 8. Influence of the number of corrupted entries in the determined case.
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Figure 9. Influence of the number of corrupted entries in the over-determined
case.

In the determined case featured in fig.8, the β-divergence
algorithm is able to recover correctly the mixing matrix when
the number of corrupted columns of X is low (i.e. typically
below 10%). Similarly to what we highlighted previously, the
rGMCA algorithm does not perform well in the determined
case. On the other hand, the AMCA-based algorithms are less
impacted by the number of corrupted columns. The rAMCA
algorithm provides a significantly better estimate of the mixing
matrix when the number of outliers is larger than 10%.
Fig. 9 displays the evolution of the mixing matrix criterion
when the number of corrupted columns increases in the

over-determined case. In this regime, the rGMCA, AMCA
and rAMCA algorithms provides very similar results when
the percentage of corrupted columns is lower than 25%.
For a larger number of outliers, the performances of the
rGMCA algorithms are strongly hampered in a few cases: the
weighting scheme of the rGMCA algorithm tends to penalize
a large number of data samples, which therefore tends to
provide a larger estimation error. Though the β-divergence
and PCP+GMCA algorithms provide accurate estimates of A
when the number of corrupted samples is low, their separation
performances rapidly decrease when the number of outliers
increases.
It is very interesting to notice that, both in the determined
and over-determined regimes, the rAMCA algorithm yields a
percentage of successful estimations of A that is consistently
close to 1. This highlights the good reliability of the rAMCA
algorithm.
F. Reliability of the algorithms
Blind source separation problems are non-convex. This
entails that the reliability of the algorithms to provide an
accurate solution is a key characteristic. A general assessment
of the reliability of the algorithms can be carried out by
observing the so-called performance profiles introduced in
[25]. Over T Monte-Carlo simulations, and for some scalar
τ ≥ 1, the performance profile PAi (τ ) of a given algorithm Ai
measures the fraction of simulations where the error ∆AAi ,r
made on the run r by the algorithm Ai is at most τ times the
best error obtained by all the algorithms at this given run.
For instance, PAi (1) measures the percentage of simulations
where the algorithm Ai has performed the best. More formally,
the performance profile of each algorithm Ai is defined by:
n
o
card r : ∆AAi ,r ≤ τ minAj :ÃA ≈A ∆AAj ,r
j
.
PAi (τ ) =
T
The performance profile therefore allows quantifying the reliability of the algorithms to accurately estimate the mixing
matrix A. In the following, the performance profiles have
been computed from the T = 1152 simulations in the overdetermined case (by combining all the results of the 48 runs
for the 15 different values of the parameters in V-D and the
9 different values in V-E) and T = 816 for the determined
case (by combining all the results of the 48 runs, for all the 9
values of the parameters in V-E and for the first 8 parameters
in V-D).
The performances profiles of the tested algorithms in the
determined case (resp. over-determined case) are displayed
in the left (resp. right) panel of fig.10. In both cases, the
AMCA and rAMCA algorithms provide a good level of
reliability. Indeed, in more than 80% of the simulations these
algorithms provide an estimate of A that exhibits a mixing
matrix criterion that is at worst two times larger than the best
value.
In the over-determined case, rGMCA is even more robust than
AMCA, but not as accurate: its performance profile reaches
the value of 1 but only for τ > 5. On the other hand, it is not
able to reliably estimate the mixing matrix A in the determined
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regime. The β-divergence algorithm and PCP+GMCA provide
poorer performance profiles, which indicates a lower level of
reliability.
In addition providing accurates estimates of the mixing matrix,
these experiments also highlight the good level of reliability
of the rAMCA algorithm both in the determined and overdetermined case.
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is used for the outliers and the sources because they have a
similar morphology in the present setting.
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Figure 11. Illustration of one observation Xi , without (on the left) and with
outliers (on the right, corrupted entries are represented with the dashed line).
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In this section, we propose to compare the different algorithms in a more realistic setting: the separation of Nuclear
Magnetic Resonance (NMR) spectra. In the context of spectroscopy, BSS allows to identify the different molecules of the
observed mixture [26]. However, the presence of instrumental
artifacts is very frequent, and makes difficult the interpretation
of the data. Such artifacts can be approximated by outliers
contaminating entire columns of the data matrix [27], which
is the case we investigate in the present article.
Following [26], the sources are composed of 6 theoretical
NMR spectra of the cholesterol, folic acid, adenosine, oleic
acid, menthone and saccharose extracted from the SDBS
database1 . These spectra are further convolved with a Laplacian kernel of varying width at half maximum (implementation
from pyGMCA2 ), which models the resolution of the instrument. The set of corrupted data samples is fixed to 10 blocks of
20 consecutive columns. Their amplitudes are drawn according
to a Gaussian law, and they are further convolved with the
same kernel than the sources. The amplitude of the outliers is
set so that the energy of each block of outliers corresponds
to the average contribution of a source in the observations
kOk2
kASk2
. Examples of simulated and corrupted NMR
10 =
n
data are displayed in fig.11. In the following experiments, the
data made of 10 mixtures computed with a random positive
mixing matrix.
The resulting sources admit a sparser distribution in the
wavelet domain. Subsequently, the data are transformed in
the undecimated wavelet transform [28] prior to applying the
BSS algorithms. Let us notice that the same wavelet transform
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Figure 12. Performances of the different algorithms versus the width of the
kernel.

In the previous experiments, we evaluated the separation
performances the algorithms in the case of exactly sparse
signals. The NMR sources we consider in this section rather
exhibit an approximately sparse distribution in the wavelet
domain. In this section, we propose to evaluate the behavior
the robust BSS algorithms when both the sources and the
outliers follow an approximate rather than exact sparse model.
A simple way to evaluate the behavior of the algorithms with
respect to the sparse model is to evaluate their performances
when the width of the convolution kernel increases. Low width
values will make the source model close to the exact sparse
model while large values will provide approximately sparse
sources.
The figure 12 displays the evolution of the mixing matrix
criterion when the width of the convolution kernel varies. It is
interesting to notice that the PCP+GMCA and β-divergence
algorithms do not provide satisfactory separation results. As
well, the rGMCA provides good separation results when the
width is low but it rapidly yields incorrect results when the
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width of the kernel increases. Indeed, let us recall that the
outliers are also approximately sparse, which makes these separation scenarii close to the cases we investigated previously
where the number of outliers is very large. This is typically
the kind of settings where these methods tend to fail. The
rAMCA and AMCA provide the most accurate estimates of the
mixing. The discrepancy with respect to the other algorithms
is particularly large when the kernel has a large width. In this
regime, the level of correlation between the sources increases,
a phenomenon to which the AMCA algorithm is robust [20].
VI. C ONCLUSION
In this article, we introduce a new algorithm for tackling
BSS problems in the presence of outliers, which is known
to be challenging. Building upon the AMCA algorithm, the
proposed rAMCA algorithm performs by estimating jointly
the mixing matrix, the sources and the outliers. We emphasize
that disentangling between the outliers and the sources can
be efficiently tackled by exploiting the sparsity of these
components as well as their different distributions in the
sample domain. Indeed the sources are clustered in a subspace
spanned by the columns of the mixing matrix while the outliers
are assumed to be distributed in general position. In the
rAMCA algorithm, these two properties are first exploited by
introducing a weighting scheme to penalize the contribution
of the outliers in the spirit of the AMCA algorithm. As well,
we use an effective outlier estimation procedure that builds
upon the difference of their distribution in the source domain.
Numerical experiments have been carried out on Monte-Carlo
simulations with various experimental scenarii, which show
that the proposed algorithm provides a robust and reliable
estimation of the mixing matrix in both the over-determined
and determined cases. Future work will focus on generalizing
the proposed approach to enforce the sparsity of both the
sources and the outliers in a transformed domain.
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